In this paper we study the dynamics of trajectory of a spinning particle in a Schwarzschild spacetime involving a global monopole. We set up the equations of motion and find three types of trajectories. We study the conditions that a spinning particle, originally moving in the innermost stable circular orbit around the black hole involving a global monopole, will escape to infinity after it is kicked by another particle or photon. Three types of trajectories of a spinning particle in a Schwarzschild spacetime involving a global monopole are simulated in detail and the escaping energy and velocity of the spinning particle is also obtained in the present paper.
Introduction
It is an interesting topic to study the motion of the spinning particle, such as Dirac fermions, in curved spacetime by using pseudo-classical mechanics model, in which the spin degrees of freedom of the particle are described with anti-commuting Grassmann variables [1] [2] [3] [4] [5] [6] [7] [8] [9] . The equations describing the motion of spinning particle were derived firstly by Papapetrou [10] and were reformulated by Dixon [11] . An alternative set of equations were obtained by van Holten [12] . When the four-momentum and four-velocity of the spinning particles become co-linear, the Dixon-Souriau equations [13] reduce to the van Holten equations [14] . Rietdijk and van Holten [15] analyzed the motion of spinning particle in the Schwarzschild spacetime and they derived an exact precession equation of the perihelion for the planar orbit. Suzuki and Maeda [16] had studied the chaotic motion of a spinning test particle in Schwarzschild spacetime with the Poincaré map and the Lyapunov exponent. Verhaaren and Hirschmann [17] had found the chaotic orbits for spinning particle with small spin values in Schwarzschild spacetime and developed a new method by comparing the Lyapunov exponent of chaotic orbits. Han [18] had numerically studied the chaotic dynamics of spinning particle in Kerr spacetime with Papapetrou equations. Hossain [19] had studied the geodesic motion of pseudo-classical spinning particle in the Reissner-Nordström-de Sitter spacetime and discussed its bound state orbits. Chen et al had investigated the geodesic structure of test particle in several black hole spacetimes [20, 21] . Wang and Wu [22] had investigated the contributions of the next-order spin-orbit to chaos in spinning compact binary system by numerically individual orbit simulations. The corresponding chaos phenomena about the spinning compact binary system were discussed in Ref. [23] [24] [25] . The mechanism of jet formation of the black hole is one of the most intriguing and important problem in modern astrophysics. Al Zahrani, Frolov and Shoom [26] had presented a jet model of charged particle which moves around a weakly magnetized Schwarzschild black hole.
Monopole, as a result of gauge-symmetry breaking, is similar to the elementary particle and has Goldstone field with the energy density decreasing with r 2 . The large energy in the Goldstone field surrounding the global monopole suggests that they can produce a strong gravitational field. Researching on monopole is important for the topological defect in the early universe and other physical effects [27] [28] [29] [30] [31] . When the Schwarzschild black hole swallows a global monopole, it will form a black hole involving a global monopole system and possessing a solid deficit angle, which is different from the Schwarzschild black hole alone.
In this paper, we plan to study the motion of spinning particle in the gravitational field of black hole involving a global monopole. When the global monopole is absent, our result will reduce to the Schwarzschild case [15] . The organization of this paper is as follows. In Section 2 we briefly review the relevant equations and constants for the motion of spinning particles in curved spacetime, and investigate the motion of spinning particles in the gravitational field of black hole involving a global monopole. In Section 3 we study the conditions that a spinning particle, originally revolving around the black hole involving global monopole in the innermost stable circular orbit, will escape to infinity after it is kicked by another particle or photon. The critical escape energy and velocity of the particle is obtained. In last section we present our brief remarks. Throughout the paper we choose unitsh = c = G = 1.
2. Equations of motion for a spinning particle in gravitational field of black hole involving global monopole
The geodesics of the spinning space is given by the action
where m is the dimension of mass and g µν describes the metric of the background spacetime. The covariant derivative of the Grassmann coordinates ψ µ is defined by
The overdot denotes an ordinary derivative about proper time d dτ . The trajectory, which makes the action stationary under variations vanishing at the endpoint, can be cast in the follow form
The anti-symmetric tensors, which describe the relativistic spin particle and can formally be regarded as the spin-polarization tensor, are given by
The first part of Eq.(3) implies the existence of a spin-dependent gravitational force , while the second part asserts that the spin is covariant constant
The space-like components S ij are proportional to the magnetic dipole moment of the particle. The timelike components S i0 represent the electric dipole moment which vanish for free Dirac particle, such as free electron and quark, in the rest frame. In the Grassmann coordinates, a covariant constraint is
When the action Eq. (1) is invariant under the transformations δx µ = R µ (x, ψ) and δψ µ = S µ (x, ψ), there exists a constant of motion
which asserts that the Killing vector R (α)µ gives a contribution to the orbital momentum and the contribution of spin is contained in the Killing scalars B(x, ψ). Without the Killing scalars B(x, ψ), the Killing vector does not give a conserved quantity of motion. The Killing scalars B(x, ψ) is given by
which shows that each Killing vector R (α)ν is associated with a Killing scalar B (α) . The quantity R κλνµ denotes the Riemann curvature. The Killing vectors R (α)ν satisfy the equations
The symmetry of the spinning particle model can be divided into two classes. First, there are constants of motion that exist in any theory and these are called "generic". The second kind of constants of motion depend on the specific form of the metric g µν (x) and they are called "nongeneric". For the spinning particle model defined by the action (1), there are four generic constants of motion [32] .
The two most important and obvious ones are the world-line Hamiltonian
and the supercharge
the other two generic constants of motion are the dual supercharge
and the chiral charge
Condition (6) implies that
The gravitational field of black hole with a global monopole is described by the line element [33]
where α = 2M , M the total mass of black hole and η is the scale of the symmetry breaking. For a typical grand unification scale η ∼ 10 1 6GeV , we have 8πη 2 ≪ 1. The corresponding Killing vector fields take as
where
These Killing vector fields describe a time-translation invariance and stationary rotation symmetrical gravitational field.
By using spin-tensor notation Eq. (4) and solving equation Eq. (8), the corresponding Killing scalars is obtained
and the four conserved quantities J (α) can also be found as
Furthermore, from Eq.(3), covariant constants ψ µ are
Altogether we get twelve equations of motion. Of course, we know that only eight equations, i.e. four velocities and four components of ψ, are independent. Considering motion H = − m 2 , which implies geodesic motion g µν dx µ dx ν = −dτ 2 , we obtain
From the independent linear combination of J (1) and J (2) , we obtain
this equation implies that there is only the spin angular momentum in the radial direction. From the supersymmetric constraint Q = 0 (Eq. (14)), we obtain
which implies Γ * = Q * = 0. Expression (23) solves the first part of Eq. (20) . The others S ij can be described
The 
By integrating Eqs.(21)(excluding the first line), (24) and (25), we can solve the equation of motion for the coordinates and spins. For η = 0, these equations correspond to those in Schwarzschild spacetime [15] .
Critical escape energy and velocity of the spinning particle
For simplifying the motion, we choose θ = π 2 . The angular momentum of the scalar particle is conserved. But it is not the generic case of the spinning particle, for which only the total angular momentum is conserved.
It occurs only in two situations: (i) the orbital angular momentum vanishes, or (ii) spin and orbital angular momentum are parallel.
With the condition θ = π 2 andθ = 0, the equations of motion Eq. (21) and Eq.(24) become as follows
The third and the last parts of Eq. (26) means that the orbital angular momentum and the component of the spin, perpendicular to the particle moving plane, are conserved
where Σ and L are two constants. The gravitational red-shift which is defined by the first part of Eq. (26) takes as follows
For L = 0, the time-dilation receives a contribution from spin-orbit coupling. This implies that time-dilation is not only a purely geometric effect, but also a dynamical component [34] . The third part of Eq. (21), Eq. (22), and the fourth part of Eq.(26) with θ = π 2 , give two possibilities for planar motion:
In the situation (1),φ = 0 implies the orbital angular momentum vanishes, L = mr 2φ = 0. The particle moves along a fixed radius. The equation of motion about the spinless particle for a distant observer is described
as in the case of a spinless particle, if we choose ϕ = 0, we find the spin tensor components are all conserved
In the situation (2),φ = 0 implies that
which means the spin is parallel to the orbital angular momentum. Forṙ andφ, Eq.(26) gives the particle orbital equation
Using the dimensionless variables
we obtain
defines an effective potential. ∆ ≪ 1 describes a realistic physics situation.
For bound state orbits, it is necessary that ǫ < 1. The function U ef f (x, l 2 ) has a point of inflection which corresponds to a circular orbit with minimum radius
The energy for this critical orbit is given by
and the time-dilation factor is expressed by
With η = 0, Eqs.(37-39) reduce to the Schwarzschild results.
The orbit of the particle which approaches precessing ellipse (because of relativistic effects) is given by
here κ = k α with k the semilatus rectum and e is the eccentricity with 0 < e < 1. The perihelion and aphelion are defined by
The angle ϕ
ph is the k-th perihelion of the particle, while ω(ϕ
ph ) is the amount of precession of the perihelion after k revolutions. Hence the precession of the perihelion after one revolution is ∆ω = ω(ϕ
The ǫ is a constant of motion and at the perihelion/aphelion is given as follows
Comparing both expressions for ǫ 2 , we obtain
Using above results and defining
we rewrite Eq. (33) in the form dϕ = dy
We find ∆ϕ in Eq.(42), can be obtained by integrating Eq.(46) from one perihelion to the next one with
Integrating Eq. (47), we obtain the following expression for ∆ϕ ∆ϕ = 2π
For ∆ = 0, the second term in this expression is the lowest-order contribution to the relativistic precession of the perihelion. We find the spin of a particle contributes to the lowest-order precession can be keeping terms of first order in ∆. For η = 0, the result in Eq.(49) corresponds to that in Schwarzschild spacetime [15] .
Then we will discuss the motion of a spinning particle originally revolving around the black hole in the innermost stable circular orbit kick by another particle or photon according to the procedure given in Ref. [26] .
When a spinning particle moves on a circular orbit in the equatorial plane, we take the particle spin vector perpendicular to this plane. Thus we set [35, 36 ]
and the spin tensor is related to its spin vector by [36, 37] 
where ǫ αβµν is the alternating symbol, which implies that the spin tensor has only one independent component.
After the collision, the particle will move in a new plane tilted to the original equatorial plane. The motion of the particle has two types: bounded motion or escape to infinity. The result is determined by the detail of the collision mechanism. For large values of ǫ − ǫ 0 , the particle will leave away from the original equatorial plane and escape to infinity. Here ǫ is the energy after collision and ǫ 0 is the energy before collision which is given by Eq.(38). In order to simply the problem, we impose the restrictions: (i) the z component of the angular momentum(J (3) ) is not changed, (ii) the initial radial velocity after the collision remains the same, and (iii) the spin vector and the component of the spin perpendicular to the particle motion plane are not changed. Under these restrictions, only the parameter ǫ determine the motion of the spinning particle. So after collision, the particle requires a velocity v ⊥ = −rθ 0 which is in the direction orthogonal to the equatorial plane. That's to say, the kick only gives the particle a velocity v ⊥ .
After the collision, the energy of the particle is
The spinning particle moving in the gravitational field obeys the equation
which is the first part of Eq.(3).ẋ µ = u µ is the particle's four-velocity, u µ u µ = −1. Using this normalization condition and the first and last part of Eq. (21), the x and θ components of Eq.(53) and ǫ can be written in dimensionless variables (given by Eq.(34) and σ = τ α ) as follows
The energy of a spinning particle revolving around the black hole in the innermost stable circular orbit of the equatorial plane is
which corresponds to Eq.(38). When v ⊥ > 0, the energy of the particle changes from ǫ 0 to
Using Eq.(37), the parameters J and Ξ can be defined as
where x 0 = 3(1+∆) 1−8πη 2 , which is determined by ∆ and 8πη 2 , is the radius of the orbit. The sign ± show the directions of the z component of the angular momentum which do not influence the particle motion. J and Ξ are specified by 8πη 2 and ∆. With fixed 8πη 2 and ∆, only ǫ serves to the motion of the kicked particle.
Given the value of 8πη 2 , ∆ and the initial energy ǫ of the kicked spinning particle, we can integrate Eqs. (54) and (55) numerically. We simulated the trajectory corresponding to the initial condition. The Eqs.(56) and (58) are used to check independently for numerical precision. The numerical integration shows that there are three types of final motion for the particle:
(1) The spinning particle is on a bounded trajectory around the black hole.
(2) The spinning particle escapes to infinity x cos θ → ∞.
(3) The spinning particle escapes to infinity x cos θ → −∞.
The particle is considered to escape to infinite if | x cos θ | reaches 10 3 , and the integrate computation time was chosen as σ = 10 6 . Fig.1 shows the trajectories of the particle for different initial conditions. Fig.1(a) shows the escape trajectory for the spinless particle, and the others give the trajectory for the spinning particle: Fig.1(b) shows the particle escapes to x cos θ → ∞, Fig.1(c) shows the particle escapes to x cos θ → −∞, Fig.1(d) shows the bounded trajectory of the particle. From these figures, we can find that the escape trajectory for the spinning particle is the cylindro-conical helix which is different form the spinless particle. The trajectory shows that the black hole is surrounded by the compressed spherical particle cloud which is formed by the bounded spinning particle.
From the result of the numerical integration, we obtain the relation of the critical escape energy ε, 8πη 2 and ∆ which is shown in Table 1 and Fig.2(a) . Different from the result in Ref.
[26], we have not found the chaos in the critical escape domain. At the same time Fig.2(a) and Table 1 illustrate that a larger η or ∆ will require a smaller critical escape energy ε.
Using the numerical results, we can estimate the critical escape energy of the particle. The approximate analytical expression is ε ≈ 1 + 175.2604(−0.0017 + ∆) + 778.1768(8πη 2 ) (∆ − 68.9565) (22.2024 
The critical escape velocity can be obtained by Eq.(37), Eq.(59) and Eq.(62). Fig.2 (a) and 2(b) illustrate the critical escape energy and velocity, respectively. 
Summary
In this paper by studied the spinning particle motion in the gravitational field of black hole involving a global monopole. we have derived the constants and the equations of motion and investigate bound state orbits in a plane. We also have derived the conditions that a spinning particle, originally revolving around the black hole in the innermost stable circular orbit, can escape to infinity after being kicked by another particle or photon. We have found that the escape trajectory for the kicked spinning particle is the cylindro-conical helix which is different form the spinless particle, and the trajectory of the spinning particle in the jet exists three different types: bounded trajectory, and escape to infinity | x cos θ |→ ∞. We have obtained the critical escape energy and velocity of the spinning particle. A larger η or ∆ will require a smaller critical escape energy ε. It is interesting to analyze the critical escape phenomenon of the charged spinning particle in the gravitational field with magnetic field.
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